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Strengthening of the Triplet Relationship. II. A New Probabilistic Approach in P1

By C. Giacovazzo

Istituto di Mineralogia e Petrografia, Universita degli Studi, Bari, Italy

(Received 10 September 1976; accepted 8 October 1976)

The probabilistic approach recently described in PT [Giacovazzo, Acta Cryst. (1976), A32, 967-976] is
generalized to non-centrosymmetric space groups. The method enables us to derive the expected value of
cos (@, + @n, — @, +n,) and its variance, given |Ey,|, |Eg,|, |En, +u,| and one or more triples (|Ex|, |Eq, +x

|Ew, +u, +kl)-

Preliminary remarks

In a recent paper (Giacovazzo, 1976a; from now on
denoted as paper I) a probabilistic approach is de-
scribed in P1 which gives, from the triples (|Egl,
|Eq, +kl> |En,+un,+kl), the probability of the sign of
Ey,En,En, +n,- The procedure is able to correct the
positivity required by the Cochran-Woolfson formula
so that negative triplets may in principle be identified.

In this paper the method is generalized to non-
centrosymmetric space groups. Unlike preceding ap-
proaches (e.g. Karle & Hauptman, 1958; Hauptman,
1964; Hauptman, Fisher, Hancock & Norton, 1969;
Hauptman, 1970), the triples (|[Ex|, |Ex, + k!> |En, +1,+x/)
will be explored in order to give the expected value of
cos (@n, + Pu, — Py, +n,) and its variance rather than
the ‘exact’ value of the cosine. The general background
is described in the first paragraph of paper I, to which
the reader is referred.

The joint probability distribution

P(Rl-l],Rﬂz’Rl-l] +H2’RK5RH1 +K9RH1 +Hp +K>
Pu>PHzs - s PHy +H2 +K)
Suppose that a crystal structure consists of N identical
atoms per unit cell in the space group P1. We assume
that the reciprocal vectors H;, H,, H; + H,, K, H, + K,
H, +H, +K are fixed and the atomic coordinates are
the primitive random variables. We introduce the
abbreviation

Ey=R,exp(ip,)=A,+iB;=Ey,,

E2=R2 exp (l(p2)= ....... =EH2’

E6=R6 exp (l(p6)= ....... =EH1+H2+K'
By means of the probabilistic approach described in
paper I for centrosymmetriccrystals and by Giacovazzo
(1976b) for the non-centrosymmetric crystals, the joint

probability distribution function, correct up to and
including terms of order 1/N|/N, is

P(Rl, ...,R6, (Pl, ceey (p6)

1
~ FRlRZ ...Rgexp(—Ri—R3—...—R?)

AC 33A-1

2
x{l + VN [R1R2R3 COS (§01 +§02_(P3)

+R{R4R5¢cos (@1 + @s—@s)
+ R3R5R6 cos (@2 + @5 —@e)
+R3R4R¢ cos (03 + 04— 4)]

1
N [1-R})(1—-R3)(1-R3)
—RiR3R3 cos 21 +2¢,—2¢3)
+(1-R})(1-RH(1—R3)
—R3R3R%cos 291 +2¢4—2¢5)
+(1-R3)(1-R3)(1—RY)
—R3R3RZ cos (20,4205 —2¢¢)
+(1—-R3)(1-R3H(1—RP)
—R3R3R? cos (293 + 2904 —2¢6)]

2
-N [R2R3R4Rs(1—R3) cos (¢, — 03— @4+ ¢s)
+R1R3R5R6(1 “R%) COS ((pl —@P3— Qs +¢6)+ ...]

- %[R‘}+R‘2‘+...+R§—4{R%+...+R%)+ 12]

2

+ N [R1R;R4R6 oS (@1 + @2+ Qs— @)
+RR3R4R;5 cos (92— 03— @4+ @s)
+R{R3R5R¢cos (901 —P3— @5+ @6)]

1
TNy [RIR,R5 cos (3p1 — @2+ ¢3)
—3R(2—R})R3R; cos (@1 + @2 —@3)
+R3R4R5 cos 3o, — s+ @s)
—3R{(2—R}H)R4R;5 cos (@1 + Qs —@s)+...]

1
* NN [3RIR3R3 cos (39, + 3¢9, —303)
—R R;R3(2—R})(2—R3)(2—R3)cos (91 + @2 — ¢3)
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+4R3R3R2 cos B, +304—305)
—2R,R,R52—R3%)(1—R%)(1—R?)

x cos (91 + @2 —@3)
—R;R4R5(2—R}) (2—R3)(2—R3)

X €o8 (@1 +@a—@s)
—2R;R;R3(2—R3)(1-R3)(1-R})

x o8 (@1 +@2—¢3)
—2R;R;R3(2—R})(1—-R3) (1-R})

X COS (@1 +@2—@3)

+2R R,R3(RE—1) (R3—1)(RE—1)
x 08 (@1 +¢2—@3)]
1
T 2NN
+(R§—6R3+6)+(R§ —4R;+2)+(R§—4R5+2)
+(R¢—4RZ+2)] cos (p; + @2 —@3)+ ...
2
T NYN
+(1—=R3)(1—R2)
+(1—R2)(1—R@)] cos (p1+ 02— @3)+...}. (D

Several terms not essential for our purpose are
omitted from (1).

R R,R;[(Rt—6R?+6)+(R5—6R3+6)

RiR,R;[(1-R3) (1-RJ)

The conditional expected value of
. oS (P, +Pu, — Puy +H2)s
given Ry, Ry, Ryy + 125 Ris Ruy + x5 Ry +13 +k

Let us define ¢=¢; +¢@,—¢@3. Of considerable im-
portance is the expected value of cos¢ when the
magnitudes of the structure factors are known but the
phases are not. From (1)

P((lela (] RG)
1 1
=+
2% " 2n(1+q/N)

+ o TURE+R3
+(R3-1)(RE-1(RZ-1)+(RI-1)(RF-1(RE-1)
+(R3-1D)(RE-1)(RE-1D)+(R-1)(RE-1)(RE-1)
—4{R{—4R}+2)—...—4RE¢—-4R2+2)]}

1

Y o+ g\ N
1

* 3NN

where
q= %[(R%—

+RI-1)(RE-DR5-1)

2R,R,R;
/N

+R3)—3+3HR1-2)(RF-2)(R3-2)

cos {1

(1 R2R%R% cos 2¢

R3R3R3 cos 3<p), ‘ (2)

DRI-1(R3-1)
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+R3-1D)(RE-1)(RE—D+(R3-1)(RF-1)(RE-1]]

— g5 [(RE—4R}+2)+... +(RE—4R3+2)].

Then

<COS(lels"'7R6>

~ RiRsRs [ [p+RE-DRI—DRE=DYN] 5
- VYN 1+g/N

where

p=%RI+R}+R3)+HRI-2)(R;—-2)(R}-2)

—(RI=D(RI-1(R3-1)-3.

The conditional expected value of
cos ((pﬂl +(PH2 — P, +Hz)a giveﬂ
RH] aRHzaRHI +H2,RK| aRHI +Kp9f'Hy + He +K19RK2,RH| +K29°
For a given phase @y, +@u,—@n,+n, several triples
(Rk, Ry, +k» Ru,+u,+x) in general exist in the set of
measured reflexions. The more complex distribution
function

P(q)» Rﬂla ceey

RKI’RH1+K1, RH1+H2+K1’
Rl(z’ RH; +K>» RH| +H>+ K2 ”')
must then be explored in order to obtain a more

accurate estimation of ¢. By a procedure similar to
that described in paper I we obtain

where

A=Y (RE~1) (Rh, 1~

AN
T+B/N+ C/4N)’ )

{cos @|...

1) (Ré, +n,+x— 1), ©)

B=(R%1—1);(R.2<— 1) (R, +x— 1)
+(Rl?lz_1);(Rl%l1+K——l) (Rlz-l,+Hz+K_1)

+(Rﬁ,+nz—1);(R|2(—1)(R;211+u2+x—1), (6)

= —Z(Rﬁ_4R|2(+2)+(Rﬁl+l(_4Rl%ll+K+2)
K

+(Rﬁ.+H2+K—4R}21,+HZ+K+2)]- (7)

The variance is given by
V={cos? ¢|...>)—{cos ¢|...»?
~ 1 + 1
~27 [ 41+B/N+C/4N)
A/N 2 R3R2R3
- (” 1+B/N+C/4N) ] N - &

It should be noted that the term p which occurs in (3)
does not appear in (4) and (8). In fact, if N is large
enough and K is allowed to vary over a sufficiently
large number of reciprocal vectors,
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p<1, or(and)
P<A.

(3), (4) and (8) are in accordance with the formula
P(¢) ~ % (1 +2 Y {cos np) cos n<p>
in

obtained by Naya, Nitta & Oda [ 1965, equation (10)].

Whenalarge number oftriples(Rg, Ry, +k, R, +1,+ k)
is explored the expected value of cos ¢ may strongly
differ from the value deduced when only the terms
Ry,, Ry,, Ry, +n, are known. In fact, according to
whether

A/N
T¥B/N+C/aN =°
the expected value of the cosine will assume positive

or negative values. (8) tells us that the reliability of the
cosine values provided by (4) increases with S.

S=1+

Expected value of cos (@, + @n, —@u, +u,) When the
exponential form of the probability density is used

When only Ry,, Ry,, Ry, +u, are known, (4) reduces to

{cos @) ~ R“‘R“zf\{,“”"z.

Under this condition it has been shown (Cochran,
1955) that ¢ obeys the von Mises (1918) probability
distribution of density function

P(p) =

with parameter

Im 1{) @ exp (G cos @), )

G — 2RH1RH2RH1 +H2'

From (9)

(10)

A result formally similar to (9) may be achieved by
transforming our series expansion of the joint prob-
ability distribution to an exponential form, as from the
application of the central-limit theorem (Bertaut,
1960a,b). In particular, the transformation assures the
general positivity both of the probability density and
of the variance values. So, when one or more triples
(Rk, Ry, +k> Ru, +n,+x) are known, (10) should be still

valid, but

1+B/N+C/4N> - (1)

/N

The estimation of cos (@5 —2¢y)

A reliable estimate of cos (¢,4—2¢y) may be partic-
ularly useful in the first stages of the phase-determina-
tion process. In fact, if ¢y is known, the value of @,y

AC 33A-1*
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may under favourable circumstances be determined
by the value of {cos (¢,u—2¢g)). This expected value
and its variance may be derived from the study of the
distribution

P(Ry, Ryn, Rk, Ru+xs Ron+xs Ons > @20+K)-

If the series expansion of the distribution function is
transformed to an exponential form, we obtain

1,(G)

{cos (20— 20u)) ~ TO(_G)’
- 1,(G)  1}G)
var [cos (pon—2¢p) ] ~1— G1,G) ~ 3Gy (12)
where
N R&Rn 24/N
6= YN (” 1+B/N+C/4N>’

A=;(R|2(— 1)(R121+K_1)(R%H+K—1)s

B=(R§— I)Z[(anc—l)(Rfo—l)

+(RA+xk—1) (Rg+x— 1]
+(R3u—1) Z(RK_I ) (R3u+x—1),

Cx~ _[;(Rﬁ—‘l'Rl(+2)+(RH+K_4RH+K+2)

+(R3u+xk—4R3u+x+2)].

When no triple (Rk, Ry +k, Ron+k) is known, G reduces
to RiR,y/]/ N : unlike the PT case, {cos (¢ 5 —2¢n)) is
always positive, whatever Ry may be. If triples
(Rk, Ru+k> Ran+k) are tested, (12) is in principle able
to give expected negative values of the cosine.

The role of A, B and C

In order to obtain some insight into the role played by
A, B and C in (4) or (10) we derive in this paragraph
their conditional expected values. From the distribu-
tion

P(Ry, Ry, +k> Ry +H,+K> --- | Ru,ys Ruy, Ruy +1,, @)

we obtain
1 2
() =~ a WﬁRﬂlRHzRH,+H2 cos @, (13)
(B) = §NQ ( ~ RuiRu,Ru, +n, €08 (p>
X[(R _1 +(RH2_1)2+(RH1+H2 1)2]’ (14)
1 9 2
C=+ 8NQ §<1+ NRﬂanan,mz cos (p),(lS)

(13) tells us that the expected sign of 4 coincides with
the sign of the triplet cosine. Thus the negative cosine
invariants may be in principle singled out. However,
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positive values of A should be expected when the
triplet is a ‘bad’ one but has a small positive cosine. In
this case the expected cosine value as calculated after
the exploration of the terms (Rg, Ry, +x» Ru, +H,+x) Will
probably be larger than that calculated via the sole
factor Ry,Ry,Ru, +u,/]/ N. This behaviour is mainly
due to the fact that our probability density function of
the triplet cosine has its maximum always in 0 or 7.

From (14) and (15) one derives that, if N is large
enough, positive values of B and C will be expected
whatever the sign of the cosine may be. The absolute
values of B and C increase on average with cos ¢. For
the triplets commonly used in the procedures for crystal
structure solution {C) seems negligible on average in
comparison with B, so that its calculation may be
omitted. Furthermore one may expect values of B
(which is a term of order 1/N) larger than the corre-
sponding value of 4 (which is a term of order 1/N [/N )-

It is anticipated that an overall rescaling of 4 and B
terms is in general advisable in the practical procedures
for the crystal structure solution. These aspects will be
described in subsequent papers.

The ‘exact’ value of the cosine invariant: a comparison
with preceding approaches

A form of B, o formula valid in centrosymmetric crys- -

tals [equation 2.1.3 of Hauptman & Karle (1958)] and
in non-centrosymmetric crystals [equation 2.1.3 of
Karle & Hauptman (1958)] is

|RH1RH2RH1 +Hz| cos ((pﬂl + qDHz - (pH1 +Hz)
~Y{(R&—1) (Rft, sk — 1) (R, +m,+x — DDk + L (16)

where L is a negligible correction term, Y=N?%2/8 and
N*2)2 for centro- and non-centrosymmetric crystals
respectively. The constant Y as given in the original
theory turned out not to be suitable for application to
real structures. Different procedures for obtaining the
rescaling of Y have been presented.

From the result that the number of induced or chance
interactions causes the average values of (R — 1) and
(RZ — 1) to increase, Hauptman (1964) proposed

_ (N-DH(N-2)

Y= U NRE =D

Later, Hauptman, Fisher, Hancock & Norton (1969)
presented a procedure in which the parameter Y was
determined for each group of triplets for which the
values of Ry,, Ry,, Ru,+n, Were essentially constant.
Y is such that the resulting frequency distribution of
cos(@y, + @u, — ©n, +u,) agrees, for fixed Ry, Ry, Ry, + u,»
with the known theoretical conditional probability
distribution.

Karle (1970) presented a modification of (16) which
eliminates the constant Y, substituting instead a ratio
of averages over the set of triples (Rg, Ry, +x» Ru, +K, +K)
really used in the procedure.

STRENGTHENING OF THE TRIPLET RELATIONSHIP. II

A further modification is that proposed by Haupt-
man (1970, 1972):

cos (¢Pu, + @u, — Pu, +1,)
N3/2
- 2RH1RH2RH| +H2(R|2( - 1) (Rlz’ll +K ™ 1)

X [A(R#, +m,+x— DIRi, Ry, + k> — (Rf, +m,+x— DIRk)
— (R, +m, +x— DIRu, 1] (17)

All the above-mentioned formulae which modify
(16) readily permit the use of a limited subset of the
experimental data in obtaining values of cos ¢. In
this connexion closely related to (17) are the (D —S)/S
formula (Hauptman, 1970) and M(D—KS) formula
(Fisher, Hancock & Hauptman, 1970).

Because of its generality our approach is able to
provide the ‘exact’ value of the triplet cosine invariant.
By a combination of suitable conditional distribution
functions we obtain

cos (@u, + Pn, — Pu, +u,)
N2
~ 2Ry, R Rat, +RE— 1) (Rf, +x— 1)
X {{(Rf, +m,+x— )Rk, Ry, +k>
x [1+(Rg, — 1) (Rk— 1) (Rfy, +x — 1)/N*]
- <Rl2-ll +H;-K 1|RK> - <(Rl?|1 +H+K l)lRH. +K>} .
(18)

We have marked with an asterisk a term in (18) not
given by (17).

Conclusions

In contrast to previous distributions in which only the
single vector K had been assumed to be the primitive
random variable, in the present paper the joint prob-
ability distribution

P(EHpEHZ’Eﬂl +Hazs EKl’EHI +K;»
EHx +H2+K1,EK2’EH1 +Kas - )

had been derived in P1 on the basis that the atomic
positional parameters are the primitive random
variables. The approach enables us to calculate the
expected value of the cosine invariants in addition to
their ‘exact’ values, thus allowing their immediate use
in the tangent procedures.

This work was supported by the Consiglio Nazionale
delle Ricerche (grant No. 75.00034.05.115.4593).
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A Probabilistic Theory of the Coincidence Method. I. Centrosymmetric Space Groups

By C. Giacovazzo
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A general probabilistic theory of sign coincidences is described which is valid in all the centrosymmetric
space groups. The theory makes full use of space-group symmetry by means of suitable joint probability
distribution functions. The phase relationships obtained are in some way space-group dependent: their
estimation requires an appropriate use of space-group algebra.

1. Introduction

The method of coincidences was described by Grant,
Howells & Rogers (1957) for the application of the
Sayre relation S(H,)S(H,)~S(H, +H,) to projections
with symmetry pgg, pmg, and pdg. In their terminology,
if A and B are reciprocal vectors, the product S(A) x
S(B) can enter into a relation with several different third
terms S(C,), S(C,), etc., whose signs are said to coin-

cide: [S(C;)~S(Cy)... ] 4.5

A particular coincidence case is obtained for centro-
symmetric space groups when |Ey,|, |En,|, |En, +n,l
|En, -n,| are sufficiently large: in fact

S(H)S(H,)~S(H, +H,), (1a)

S(H,)S(H2)~S(H, —H,), (1b)
from which

S(H; +H;)~S(H; —H,). 2

Debaerdemacker & Woolfson (1972) have extended

the idea of coincidence to non-centrosymmetric space

groups in which there are translational elements of

symmetry. According to them, from a )  listing one
2

can deduce the existence of pairs of phase relations of
the general form

®p+ Bps(@,+ @)+ by >0, (3a)

(3b)

where the b’s are constant angles arising because of the
translational symmetry, and the B’s can be +1. By a
combination of (3a) and (3b) one obtains a general
relation between @, and ¢,:

(PP i_ (pq i (bprs i bqrs) ~ 0 . (4)

qo‘l + qus((P,- + (ps) + bqrs =~ 09

Debaerdemaeker & Woolfson (1972) supplied in
their paper a probabilistic theory of the coincidence
phase relations. In accordance with them, we refer to
P2,2,2,: let us consider the relations

Pp=1
{y=bp,—mn=1,
where b= +1 and m=0-1. P, and P, are the prob-

ability distributions for ¢, and {,, derivable from the
Cochran (1955) theory:

Py 2(@)=[2n1o(G)]~ ' exp [G cos (o —1)],

where (Karle & Karle, 1966) G =20505 ¥?|E E,E,|.

According to Debaerdemaeker & Woolfson (1972),
the strength of a coincidence phase relation depends
on the probability distribution P of the quantity
O=¢p,—{,:

szv" Pl(x)Pz(x+6)dx. (5)

In centrosymmetric space groups (5) is equivalent to
the statement: if P, and P, are respectively the prob-
abilities of the relations (1a) and (1b), the probability of
(2) is given by (Woolfson, 1961)

P=PP,+(1-P;)(1—-P,). (6)

Giacovazzo (1974a) showed that (6) is in contrast with
the Harker-Kasper inequalities, and that results are
misleading when |Ey,| or |Ey,| is small. We will show
in part II of the present paper that (5) may also lead to
wrong phase relations when |Ey,| and (or) |Ey,| are
small. The phase information deduced from weak re-
flexions H; and (or) H, is particularly important in
symmorphic space groups because it can lead to
relations such as

(pp - gq =T. (7)
Debaerdemaceker & Woolfson’s (1972) approach im-



